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1.0 Introduction

Abstract

distribution (Yamasaki, 1995) and since the 

previous prime and these consecutive prime 
gaps, they too are often thought to behave 

-
tic number theory, primes are considered 
pseudo-random quantities that obey certain 

(1919), Selberg (1943) and others have all 
viewed primes and prime gaps as essen-
tially random and formulated useful results 

some consequences and results that follow 
logically from stochastic assumptions about 

-
tween the Riemann hypothesis (1859) and 
the assumption of randomness in the dis-

2.0 Some probability Models for Primes 
and Prime Metrics

n
n 

n               is observed to 
lie on the interval [0,1], and, hence, may be 

, the 
density is more concentrated on the left 
(skewed to the right); if > , the reverse is 

-
-

tained if = 

                is also a quantity that lies  on the in-
terval [0,1] and may, thus, be modelled us-

and variance of the beta distribution are:

The paper surveys some stochastic models used to describe the behaviour of primes 
and other prime metrics. The Prime Number Theorem is proved by modelling the primes as 
a Poisson process. Likewise, it is demonstrated that the Riemann hypothesis is equivalent to 
the hypothesis that the distribution of the prime gaps is exponential with rate parameter

Assuming that the prime gaps are exponentially distributed, the paper also proves the 
following assertions:
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logarithm of a beta random variable is equal 
to the logarithm of the geometric mean:

 2.2 The Exponential Distribution 
and Erlang Distribution

 Let dn=Pn+ -Pn be the gaps be-
tween successive primes P , P ,…,Pn, Pn+

-
tribution if:

distribution are:

 are:

where                        for a random sample 

n

,= d , P ,= d +P ,…
,Pn,=d +d n so that the nth prime is 

n is, 
thus, given by:

and variance of the Erlang distribution are:

 
    (7)
   

A related distribution that arises out of these 

In the language of Stochastic Processes, 

n
n 

n

up to and including t, denoted by N(t), has 
the  Poisson distribution:

-
tribution are:

2.3 Fractal or Power – Law Distribution. 
Power – law distributions are distributions 

 Result.
 fractal distribution if                 

 rate parameter 

n -
nential distribution ( ), it follows that 

) has a fractal distribution  with 
fractal dimension

f(x) is giv-
en by:
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It follows from (12) that

3.0 Distribution of Primes and Other 
Prime Metrics

 For large n, we observe that:

i is the ith

Relation (14) states that the average prime 
gap or spacing between primes is roughly 
log(n  is 

-
-

 Stochastic Prime Number Theo-
rem. SPNT Let the prime gaps dn=P -Pn  

-
rameter 
or equal to n is

Proof. n -
N(t):t>0} has a 

Poisson distribution with mean 

 Note that we have established the 

without appealing to the zeroes of the Rie-

version of the Strong Law of Large Num-

It follows that:

 Strong Law of Large Numbers for 

or equal to n approaches                 almost 
surely:

Proof. From Chebychev’s inequality:

-
-

what can be deduced from these prob-
abilistic arguments is that there are in-

  Let de-

-

For instance, if 01 (1%) and  = 
= 99%), then

From the Erlang distribution of the primes 

n }, we observe that:
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And also that:

From (21), an estimate of the nth prime is 
provided by n

-

the number of primes less or equal to n,              
              is a statistical average statement 

mathematically by using the zeta func-

part of the Riemann zeta function, have no 
zeroes on the line Re( (s))=1 needed by 

-
ponentially distributed (

the Riemann zeta function are located on 
the strip                       is equivalent to the 

-
nentially distributed (

( ) prime gap distribution is consistent with 
available data on primes up to 1025 (Zhang, 

-
-

edge of all primes while the latter requires 

progress in Biological Sciences continues 

Evolution, developments in Analytic Num-

-
tures that are equally deserving of serious 

types: (a) those that relate to small prime 

(22) belongs to the second type:

conjectures:

), then:

n

By the Borel-Cantelli lemma,
                                 because

                      Combining the two results, 

 Again, we point out that the hypoth-
esis can be replaced by: “if the Riemann 

-

 Theorem 4.2 If the prime gaps 
), then:

Proof.
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It follows that

 Bounds on the prime gaps can be 
deduced based on the assumption of an 

gave a rough estimate of the prime gap dn:

 Bertrand: Pn+ -Pn n   (24)

Knowing that for large n, Pn~n log n, we 
deduce that:
 
 Pn+ - Pn n, for large n

Likewise, we can show that:

Proof.

n+ - Pn n

Showing that:

In fact,
 Theorem: Pn+ - Pn  (n) in-

(n) such that:

Proof.
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